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The Osgood condition for ODEs

@ Assumption 1:b: R — R is nonegative, locally Lipschitz and nondecreasing

@ Consider the ODE
t
Xt = a+/ b(Xs)ds, t>0, a>0.
0
This equation admits a unique solution up to its blow up time
1
T.—sup{l‘>0.\X1|<oo}—/a @ds.

We say that the solution blows up in finite time if T < oc.
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The Osgood condition for integral equations

@ The Osgood condition : for some a > 0
/00 L ds < o0
a b(s) '

@ Assumption2: g: [0, oo) — R is continuous and

lim Sngg”?,; g(t+ h) = oco.

t—oco

Theorem (Leon-Villa’11)
Suppose that Assumptions 1 and 2 hold. The solution to

t
X[:a+/ b(Xs)ds+g(t), a>0,
0

blows up in finite time if and only if the Osgood condition holds.
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Proof (recall X, = a+ [ b(Xs) ds + g(t))

@ Assume T < oo. Set M := supy<,<7[9(8)|. For t € [0, T],
t
Xt <a+ M+/ b(Xs)ds.
0

Let .
Y,:a+M+1+/ b(Ys)ds.
0

Then X; < Y;on [0, T].

So Y; will also blow up by time T and b satisfies the Osgood condition.
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Proof (recall X, = a+ [ b(Xs) ds + g(t))
@ Suppose T = oo. Let t, — oo. Then, for t € [0, 1],

t+in
Xy > at / b(Xs)ds + g(t + 1)
tn

t
>ar /0 b(Xeir)ds+ inf g(h+ tr),

This means that X;.:, > Z; where

1 . !
Z; = > (aJroS”),; ag(h+ tn)) +/0 b(Zs) ds.

In particular,

o 1
/ ——ds > 1.
1 (atinfoc net 9(h+n) b(s)
But from Assumption 2, we can find t, — oo such that

1 .
E(a—i— 0§|?71;1 g(h+ty)) — oc.

This contradicts the Osgood condition.
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Bifractional Brownian motion

@ Introduced by Houdré-Villa’03 is defined as a centered Gaussian process
(B")i=0 with covariance
RH’K(t, S) — 27K((t2H + SZH)K _ ‘t _ S‘ZHK)7

where H € (0,1) and K € (0,1]. B is a fBm.

@ Set

Yuk(t) = t"\/2loglogt, t>e.

Lemma (LIL, Arcones’95)

Almost surely,
H,K

limsup —t—— =
Hoop Yr.k(t)
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SDEs driven by bifractional Brownian motion

Lemma (Ledn-Villa’11)

Almost surely, there exists t, — oo such that

inf B — 00 as n— .
helo,1] "

Theorem (Ledn-Villa’11)

Suppose that Assumptions 1 holds. Then the solution to

t
Xt=a+/ b(Xs)ds + B, a>0,
0

blows up in finite time almost surely if and only if the Osgood condition holds.

Eulalia Nualart (UPF) Non-existence for fractional heat eq. Beijing, 26th November 2022 7/25




Proof (of infueo1 B — o)

@ One first shows that a.s.

B B

su — 0, asn— oo 1
sz rr(n) W
In fact,
0o H,K H,K oo HK
|Bt PLA Bs’ |P Apgp
E E sup ———— | < E Ty <00
n—q S:t€[n,n+2] wHyK(n)p = wH,K(n)p

@ Let w such that both LIL and (1) hold. Then

inf BK > BN 4 inf (—|BH’K — Bk

)

heo, ] = hel0,1] t+h
gk PR K|
> iy i(t) — sup — Ty w([t]).
T () AL s Mo ) B

Finally, LIL and (1) conclude the proof.
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The stochastic heat equation on [0, 1]

au(t, x)
ot
u(0, x) = uo(x),

= Au(t, x) + b(u(t, X)) + cW(t, x), x€[0,1], t>0,

@ homogeneous Dirichlet boundary conditions, o > 0, w space-time white noise
@ up(x) nonnegative and continuous function

@ If bis locally Lipschitz then there exists a unique local random field solution
which is a jointly measurable and adapted space-time process satisfying

u(t, x) = / p(t, %, y)ol(y) dy + / / p(t— s, x, y)b(u(s, y))dy ds

t 1
vo [ [ b= s x y)Wiayas)
0o Jo

forallt € (0, T), where T = sup{t > 0 : sup,¢p 1 |U(t, X)| < co} and p(t, x,y) is
the Dirichlet heat kernel on [0, 1].

Eulalia Nualart (UPF) Non-existence for fractional heat eq. Beijing, 26th November 2022 9/25



Blow up results

au(t, x)
ot

= Au(t, x) + b(u(t, x)) + e W(t, x), xe[0,1], t>0.

Theorem (Bonder-Groisman’09)

If b is nonegative, locally Lipschitz, convex, and satisfies the Osgood condition, then
the solution blows up in finite time.

Theorem (Dalang-Khoshnevisan-Zhang'19)

If b is locally Lipschitz and |b(x)| = O(|x|log|x|) as |x| — oo, then there exists a
global solution.

Observe that if b(x) ~ |x|(log |x|)°, as x — oo, the Osgood condition holds iff § < 1.

Thus, Dalang-Khoshnevisan-Zhang'19 result shows that the Osgood condition is
optimal.
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Our blow up result= converse of Bonder-Groisman

aug; %) _ Aut, x) + blu(t, X)) + oW(t, x), x €0, 1], t>0.

Theorem (Foondun-Nualart'20)

Suppose that Assumption 1 holds. If the solution blows up in finite time with positive
probability then b satisfies the Osgood condition.

Observe that Bonder-Groisman’s Theorem shows that if b(u) = u', with n > 0, then
there is no global solution no matter how small the initial condition is.

When o = 0, for any n > 0 one can construct nontrivial global solutions by taking uy
small enough.
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Proof (necessity of the Osgood condition)

@ Assume P(T < oo) > 0. We can find € satisfying P(€2) > 0 such that for any
w € Q, we have T(w) < co.

@ Set

M = sup
xelo, 1]t€(0,T]

/(,.t/o.1 p(t—s, x, y)W(dyds)|.

@ Set Y: 1= sup,¢pp, 1 U(t, X). Then,

t
Y: < a+aM+K+/ b(Ys)ds.
0

Then, as in the proof of Ledn-Villa’s theorem we conclude that the Osgood
conditions holds.
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The fractional stochastic heat equation on B;(0)

8ug£ X) _ Lu(t, x) + b(u(t,x)) + F(t, x), x € Bi(0), t>0,

u(0, x) = uo(x),

@ L is the generator of a symmetric a-stable process killed upon exiting the ball
Bi(0), a € (0,2].

@ homogeneous Dirichlet boundary conditions u(t,x) = 0, x € R?\ By(0),t > 0

@ Fis a Gaussian noise which is white in time and has a spatial correlation f
whose Fourier transform Ff = pu is a tempered measure satisfying

p(d§)
re (1+[€]%)?

for some p € (0, 1) (Sanz-Solé-Sarra’02).

< 00,
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The fractional stochastic heat equation on B;(0)

@ As before, if b is locally Lipschitz then there exists a unique local random field
solution satisfying

t
u(t, x) = / pa(t, X, y)to(y) dy + / / palt — 5. X, y)b(u(s, ¥))dy ds
B1(0) 0 /B (0)

t
+/ pa(t_s> X, }’)F(dyds),
0 JB(0)

fort € (0, T), where T = sup{t > 0 : sup,cg, (g |U(t, X)| < oo} and pa(t, X, y) is
the Dirichlet fractional heat kernel on B;(0).

Theorem (Foondun-Nualart’20)

Suppose that Assumption 1 holds. Then if b satisfies the Osgood condition and is
convex, the solution blows up in finite time almost surely. On the other hand, if the
solution blows up in finite time with positive probability, then b satisfies the Osgood
condition.
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Proof (of the sufficiency of the Osgood condition)

@ Recall that

oo

Pa(t, X, ¥) = e " $n(X)dn(y)

n=1

where {¢n}n>1 is an orthonormal basis of L2(B1(0)) and 0 < A1 < X2 < Ag < -+

—(=8)*"2¢n(x) = =Anén(x)  x € B1(0),
¢n(X):O XERd\B1(O).

@ Set

where ¢! = [5 o é1(x)dx
@ Then

t t
Yi=e M (Y + / & [ SIblus.ayds + / e [ gi(y)F(dyds)).

B1(0)
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Proof (of the sufficiency of the Osgood condition)

@ Recall

t t
Yi= e M (Yo + / e [ pi(y)b(u(s, y))dyds + / e [ 41(y)F(dyds)).
0 B1(0) 0 )

By (0

@ Since b is convex, by Jensen’s inequality,

)¢1 ()b(u(s,y))dy = b(Ys).

B;(0
@ Then we obtain that Y; > X; a.s., where
dX; = (=M Xe + b(Xp))dt + dZ, Xo=Yo
and

t
= F .
Z—c /0 /B L, Gy ds)

@ Finally, we use Feller’s test for explosion as Z; = \/kB:, where B; is a Brownian
motion and

wimot [ o161 (2)H(y — 2)dydz.
B1(0) x B1(0)
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Extension to multiplicative noise

augt, X) _ Lu(t, x) + b(u(t, x)) + o (u(t,x))F(t, x), x e Bi(0), t >0,
u(0, x) = up(x),

@ o is alocally Lipschitz function satisfying % < o(x) < Kforall x € Rand some
K > 0.

Theorem (Foondun-Nualart’20)
Suppose that Assumption 1 holds. If the solution blows up in finite time with positive
probability, then b satisfies the Osgood condition.
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The stochastic heat equation on R

au(t, x)
ot
u(0, x) = uo(x).

= Au(t, X) + b(u(t, x)) +ocW(t, x) xeR, t>0,

Theorem (Foondun-Nualart’20)

Suppose that Assumption 1 holds. Then, if b satisfies the Osgood condition, then
almost surely, there is no global solution.

This Theorem shows that if b(u) = u'*", with > 0, then there is no global solution
meaning that there is no Fujita exponent in the stochastic setting.

Recall that when o = 0 and x € R?, if > 2/d, one can construct nontrivial global
solutions when ug is small enough (Fujita’66).
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The stochastic heat equation on R

@ The mild formulation writes as

u(t, x) = /H G(t, x, y)uo(y) dy + / /R Gt — s, x, y)b(u(s, y))dy ds + og(t, x)

where G(t, x, y) is the heat kernel and
t
g(t, x) ;:/ /G(t—s7 X, y)W(dy ds).
0 JR

@ For afixed x € R, the process (g(t, x), t > 0) is a bifractional Brownian motion
with parameters H = K = % multiplied by a constant (Lei-D.Nualart'09).

Theorem (Foondun-Nualart’20)
A.s. there exists t, — oo such that

inf g(th+h,x) >0 as n— co.
he[0,1],x€[0,1]
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Proof (of infacpo.rxcion 9(ta + h, x) — )

@ Using an improvement of the classical Garsia’s lemma obtained in
Dalang-khosnevisan-Nualart’07 we show that for all p > 2 and integer n > 1,

E sup lg(t,x) — 9(s,y)IP| < Ap2”/".
s,te[n,n+2],x,y€[0,1]

@ As a consequence, a.s.

sup 9(t.X) =98 ) o

as n — oo.
s,te[n,n+2],x,y€[0,1] 1/}1 1('7)

@ Fix xo € [0, 1] and write

g(t+h.x) = 9g(t, x0) + (=lg(t + h,x) = g(t, x0)])

he(o, 1] xe[01] he[01]xe[01]

(t)— sup ‘g(t+h X) (t7X0)|

11 (U]
2'2 hel0,1],x€[0,1] ¢y 1 ([1) 2’2

(1)

@ Using the LIL for bifBm, we conclude the proof.
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Proof (of the sufficiency of the Osgood condition)

@ Assume that there is a global solution a.s. Let t, — oo. Then

U(t + tn, X) > / Gt + tn, X, Y)to(y) dy + og(t + tn, X)
R

+/0 /RG(t— s, X, y)b(u(s + tn, y))dyds.

@ There exists t, — oo such that g(t + t,, x) > 0 forall x € (0, 1) and t € [0, 1],
and thus u(t + t,, x) > 0 as well.

@ Forfixed x € (0, 1) and t € [0, 1],

t
| [[att=s.x pputs+ b y)ayas
0 R
t
2/ b( inf u(s+t, y))/ G(t—s, x, y)dyds
0 ye(0,1) (0, 1)

t
2/ b( inf u(s+ t, y)) ds,
0 y€(0,1)

as G(t, x, y) > 5 whenever |x — y| < t'/2,
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Proof (of the sufficiency of the Osgood condition)

@ SetY;:= infye((m) u(t+ ta, y).

@ We have shown that

t
Y > inf ){/ G(h+ty, x, y)uo(y)dy + og(h + ta, x)} +/ b(Ys)ds.
R 0

~ 0<h<i,x€(0, 1

@ Using the last Theorem, we conclude that the Osgood condition cannot hold.
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The fractional stochastic heat equation on R?

8U(3t1: x) _ Lu(t, x) + b(u(t, x)) + oF(t, x), x€R% t>0,

u(0, x) = uo(x),

@ L is the generator of a symmetric a-stable process, « € (0, 2].

@ Fis a Gaussian noise which is white in time and has a spatial correlation f given
by the Riesz kernel f(x) = |x|™?,0 < 8 < a.

Theorem (Foondun-Nualart’20)

Suppose that Assumption 1 holds. Then, if b satisfies the Osgood condition, then
almost surely, there is no global solution.
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The fractional stochastic heat equation on R?

@ The mild formulation writes as
t
u(t) = [ Gultxy)uWay+ [ [ Galt-s.xy)b(u(s,y)iyds+age s(t,)
Rd 0 JR

where G, (t, x, y) is the fractional heat kernel and
t
Ga,p(t, x) = / Ga(t — s, x, y)F(dy ds).
o JRd

@ For afixed x € RY, the process (g.(t, x)):>0 is a bifractional Brownian motion
with parameters H = 272 and K = 1, multiplied by a constant.

Theorem (Foondun-Nualart'20)
A.s. there exists t, — oo such that

th+ h,x) — as n—
h€[01]x€B gaB("+ bores o0
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